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A SECOND MAIN THEOREM FOR HOLOMORPHIC CURVE
INTERSECTING HYPERSURFACES
NGUYEN VAN THIN
Abstract. In this paper, we establish a second main theorem for holomorphic
curve intersecting hypersurfaces in general position in projective space with
level of truncation. As an application, we reduce the number hypersurfaces in
uniqueness problem for holomorphic curve of authors before.
1. Introduction and main results
Let f be a holomorphic curve of C into Pn(C). For arbitrary fixed homogeneous
coordinates (w0 : · · · : wn) of P
n(C), we take a reduced representation f = (f0 :
· · · : fn) which means that each fi is a holomorphic function on C without common
zeros. Set ||f(z)|| = max{|f0(z)|, . . . , |fn(z)|}. The characteristic function of f is
defined by
Tf (r) =
1
2pi
∫
2pi
0
log ||f(reiθ)||dθ,
where the above definition is independent, up to an additive constant, of the
choice of the reduced representation of f.
Let D be a hypersurface in Pn(C) of degree d. Let Q be the homogeneous
polynomial of degree d defining D. Under the assumption that Q(f) 6≡ 0, the
proximity function mf (r,D) of f is defined by
mf (r,D) =
1
2pi
∫
2pi
0
log
‖f(reiθ)‖d
|Q(f)(reiθ)|
dθ,
where the above definition is independent, up to an additive constant, of the
choice of the reduced representation of f . To define the counting function, let
nf (r,D) be the number of zeros of Q(f) in the disk |z| < r, counting multiplicity.
The counting function Nf (r,D) is then defined by
Nf (r,D) =
r∫
0
nf (t,D)− nf (0,D)
t
dt+ nf (0,D) log r.
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2For a positive integer M , we denote by nMf (r,D) the number of zeros of Q(f)
inside |z| < r, counting multiplicities for those orders ≤M, and being counted as
M if the order is > M. The truncated counting function to level M is defined by
NMf (r,D) =
r∫
0
nMf (t,D)− n
M
f (0,D)
t
dt+ nMf (0,D) log r.
The Poisson-Jensen formula implies the First Main Theorem.
Theorem 1. [6] Let f : C → PN (C) be a holomorphic curve, and let D be a
hypersurface in PN (C) of degree d. If f(C) 6⊂ D, then for every real number r
with 0 < r < +∞,
dTf (r) = mf (r,D) +Nf (r,D) +O(1),
where O(1) is a constant independent of r.
Let f : C → PN (C) be a holomorphic curve. The map f is said to be linearly
non-degenerate if the image of f is not contained in any linear proper subspace of
P
N(C). Under this assumption, in 1933, H. Cartan proved the following Second
Main Theorem.
Theorem 2. [2] Let f : C → PN(C) be a linearly nondegenerate holomorphic
curve. Let H1, . . . ,Hq be hyperplanes in P
N (C) in general position. Then,
‖(q − (N + 1))Tf (r) ≤
q∑
j=1
NNf (r,Hj) + o(Tf (r)),
here ′′‖′′ means that the inequality holds for all r ∈ [0,+∞) except a set of finite
Lebesgue measure.
M. Ru [6] extended the above Cartan’s result to an algebraically non-degenerate
holomorphic curve f : C→ PN(C) intersecting hypersurfaces in 2004. After that,
Q. M. Yan and Z. H. Chen [7] show that there exists the multiplicity truncation
bounded in the second main theorem of M. Ru [6]. When one applies inequal-
ities of second main theorem type, it is often crucial to the application to have
the inequality with truncated counting functions. For example, all existing con-
structions of unique range sets depend on a second main theorem with truncated
counting functions. T. T. H. An and H. T. Phuong [1] gave an explicit estimate
for the level of truncation in Ru’s result. However, the level of truncation is large
and is depending on ε.
3Recall that hypersurfaces D1, . . . ,Dq, q > N, in P
N (C) are said to be in general
position if for any distinct i1, . . . , iN+1 ⊂ {1, . . . , q},
∩N+1k=1 suppDik = ∅.
Our main results is as follows:
Theorem 3. Let Dj , j = 1, . . . , q, be hypersurfaces with degree dj in general
position in PN (C). Suppose that Q1, . . . , Qq are homogeneous polynomials with
degree dj defining D1, . . . ,Dq, respectively. We assume that n = lcm(d1, . . . , dq) >
1 and
∑q
j=1Q
n/dj
j 6≡ 0. Denote by Dq+1 = {z ∈ P
N (C) :
∑q
j=1Q
n/dj
j = 0}.
Suppose that n = lcm(d1, . . . , dq) > 1. Let f : C → P
N (C) be a algebraically
nondegenerate holomorphic curve. Then,
‖Tf (r) ≤
q∑
j=1
1
dj
N
q−1
f (r,Dj) +
1
n
N
q−1
f (r,Dq+1) + o(Tf (r)).
From Theorem 3, we get the following result:
Corollary 1. Let Dj, j = 1, . . . , N + 1, be hypersurfaces with degree dj in gen-
eral position in PN(C). Suppose that Q1, . . . , QN+1 are homogeneous polynomi-
als with degree dj defining D1, . . . ,DN+1, respectively. We assume that n =
lcm(d1, . . . , dN+1) > 1 and
∑N+1
j=1 Q
n/dj
j 6≡ 0. Denote by DN+2 = {z ∈ P
N (C) :∑N+1
j=1 Q
n/dj
j = 0}. Let f : C→ P
N (C) be a algebraically nondegenerate holomor-
phic curve. Then,
‖Tf (r) ≤
N+1∑
j=1
1
dj
NNf (r,Dj) +
1
n
NNf (r,DN+2) + o(Tf (r)).
Note that the truncated level N of the counting function in Corollary 1 is much
smaller than the previous results of all other authors [1, 5] and is independent
of ε. From Theorem 3, we have the result about the algebraically degeneracy of
holomorphic map from C to PN (C) as follows.
Theorem 4. Let Dj, j = 1, . . . , q + 1, be hypersurfaces with degree n as in The-
orem 3. Let f : C → PN(C) be a holomorphic curve such that image of f inter-
sect Dj , j = 1, . . . , q + 1, with multiplicity at least lj , respectively. Suppose that∑q+1
j=1
1
lj
<
1
q − 1
, then f is a algebraically degenerate holomorphic curve.
Theorem 4 is the first result for algebraically degenerate of holomorphic curve
intersecting N+2 hypersurfaces with suitable multiplicity (we choose q = N+1).
Now, we give a application of Theorem 3 in uniqueness problem for holomorphic
curve sharing hypersurfaces.
4Theorem 5. Let Dj, j = 1, . . . , q + 1, be hypersurfaces with degree n as in The-
orem 3. Let f, g : C → PN (C) be two algebraically nondegenerate holomorphic
curves, and n be a integer with n > 2(q2 − 1). Suppose that f(z) = g(z) on
∪q+1j=1(f
−1(Dj) ∪ g
−1(Dj)), then f ≡ g.
We reduce the number hypersurfaces in before results. The authors [3, 4]
studied the uniqueness problem with a number lager hypersurfaces. In Theorem
5, if we take q = N + 1, then we only need N + 2 hypersurfaces in PN(C) for
uniqueness problem of holomorphic curve.
2. Proof of theorems
Proof of Theorem 3. First, we suppose that Q1, . . . , Qq have the same degree n.
Given z ∈ C there exists a renumbering {i0, . . . , iN} of the indices {1, . . . , q} such
that
0 < |Qi0 ◦ (f(z))| ≤ |Qi2 ◦ (f(z))| ≤ · · · ≤ |QiN ◦ (f(z))| ≤ min
l 6∈{i0,...,iN}
|Ql ◦ (f(z))|.
(1.1)
From the hypothesis, D1, . . . ,Dq are hypersurfaces which are located in general
position in PN (C), we have for every subset {i0, . . . , iN} ⊂ {1, . . . , q},
SuppDi0 ∩ · · · ∩ SuppDiN = ∅.
Thus by Hilbert’s Nullstellensatz [8], for any integer k, 0 ≤ k ≤ N, there is an
integer mk > n such that
x
mk
k =
N∑
j=0
bkj (x0, . . . , xN )Qij (x0, . . . , xN ),
where bkj are homogeneous forms with coefficients in C of degree mk − n. This
implies
|fk(z)|
mk ≤ c1||f(z)||
mk−nmax{|Qi0 ◦ (f(z))|, . . . , |QiN ◦ (f(z))|},
where c1 is a positive constant depending only on the coefficients of bkj , 0 ≤ j ≤
N, 0 ≤ k ≤ N, thus depends only on the coefficients of Ql, 1 ≤ l ≤ q. Therefore,
||f(z)||n ≤ c1max{|Qi0 ◦ (f(z))|, . . . , |QiN ◦ (f(z))|}.(1.2)
Since Dj , j = 1, . . . , q, are hypersurfaces in general position, then F = (Q1 ◦
(f(z)), . . . , Qq ◦ (f(z))) is a holomorphic curve from C into P
q−1(C) with reduced
form F = (Q1 ◦ (f(z)) : · · · : Qq ◦ (f(z))). From (1.2), we have
||f(z)||n ≤ c1max{|Q1 ◦ (f(z))|, . . . , |Qq ◦ (f(z))|}.
5This implies
TF (r) = nTf (r) +O(1).(1.3)
Applying Theorem 2 for F , with the hyperplanes which locate general position
in Pq−1(C)
Hi = {yi = 0}, 0 ≤ i ≤ q − 1,
and
Hq = {y0 + · · · + yq−1 = 0}
yields that the inequality
‖TF (r) ≤
q∑
i=0
N
q−1
F (r,Hi) + o(Tf (r)).(1.4)
We have N q−1F (r,Hi) = N
q−1
f (r,Di+1) for all i = 0, . . . , q − 1, and N
q−1
F (r,Hq) =
N
q−1
f (r,Dq+1). Therefore from (1.3) and (1.4), we obtain
‖nTf (r) ≤
q+1∑
j=1
N
q−1
f (r,Dj) + o(Tf (r)).
IfD1, . . . ,Dq have not the same degree, we consider the hypersurfacesD
n/d1
1
, . . . ,D
n/dq
q ,
where n = lcm(d1, . . . , dq). Then D
n/d1
1
, . . . ,D
n/dq
q have the same degree n. Apply
to above result, we get
‖nTf (r) ≤
q∑
j=1
N
q−1
f (r,D
n/dj
j ) +N
q−1
f (r,Dq+1) + o(Tf (r)).
Note that N q−1f (r,D
n/dj
j ) =
n
dj
N
q−1
f (r,Dj) for all j = 1, . . . , q. Then we obtain
‖Tf (r) ≤
q∑
j=1
1
dj
N
q−1
f (r,D
n/dj
j ) +
1
n
N
q−1
f (r,Dq+1) + o(Tf (r)).

Proof of Theorem 4. Suppose that f is a algebraically nondegenerate holomor-
phic curve. From Theorem 3 and the First Main Theorem, we have
‖nTf (r) ≤
q+1∑
j=1
N
q−1
f (r,Dj) + o(Tf (r))
≤ (q − 1)
q+1∑
j=1
N1f (r,Dj) + o(Tf (r)).
6Then, we have
‖nTf (r) ≤ (q − 1)
q+1∑
j=1
1
lj
Nf (r,Dj) + o(Tf (r))
≤ (q − 1)
q+1∑
j=1
n
lj
Tf (r) + o(Tf (r)).
This implies
‖
( 1
q − 1
−
q+1∑
j=1
1
lj
)
Tf (r) ≤ o(Tf (r)),
which gives a contradiction with
∑q+1
j=1
1
lj
<
1
q
. Therefore, f must be an alge-
braically degenerate. 
Proof of Theorem 5. We suppose that f 6≡ g, then there are two numbers α, β ∈
{0, . . . , N}, α 6= β such that fαgβ 6≡ fβgα. Assume that z0 ∈ ∪
q+1
j=1(f
−1(Dj) ∪
g−1(Dj)), from condition f(z) = g(z) when z ∈ ∪
q+1
j=1(f
−1(Dj)∪ g
−1(Dj)), we get
f(z0) = g(z0). This implies z0 is a zero of
fα
fβ
−
gα
gβ
. Therefore, we have
N
q−1
f (r,Dj) ≤ (q − 1)N
1
f (r,Dj) ≤ (q − 1)Nfα
fβ
−
gα
gβ
(r, 0)
≤ (q − 1)(Tf (r) + Tg(r)) +O(1)
for all j = 1, . . . , q + 1. Apply to Theorem 3, we obtain
‖nTf (r) ≤ (q
2 − 1)(Tf (r) + Tg(r)) + o(Tf (r)).(1.5)
Similarly, we have
‖nTg(r) ≤ (q
2 − 1)(Tf (r) + Tg(r)) + o(Tg(r)).(1.6)
Combining (1.5) and (1.6), we get
‖(n − 2(q2 − 1))(Tf (r) + Tg(r)) ≤ o(Tf (r)) + o(Tg(r)).
This is a contradiction with n > 2(q2 − 1). Hence f ≡ g. 
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